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• This is a slightly longer sheet, to do over the holidays.

• To be submitted to your respective tutor – Lionel Dmello (ldmello@thp.uni-koeln.de), Tanmay
Singal (tsingal@thp.uni-koeln.de), Stephen Dsouza (sdsouza@thp.uni-koeln.de) – by Wed, 07th
January 2026, 23:59. If you are unsure who is your tutor, please write to Lionel Dmello (or ask
on Slack).

• Merry Christmas and a happy new year!

1. Quantum self-testing of CHSH

In the lecture, we discussed the following model for achieving a CHSH value of 2
√
2:

∣ψ(r)⟩ = 1
√

2
(∣00⟩ + ∣11⟩); Â

(r)
0 = σx, Â

(r)
1 = σz; B̂

(r)
0 = 1

√

2
(σx + σz), B̂

(r)
1 = 1

√

2
(σx − σz). (1)

We will refer to Eq. 1 as the “reference model” (r = reference).

On this sheet, we will (1) give an alternative proof of Tsirelson’s bound, showing that 2
√
2 is

optimal in QM, and (2) show that the above solution is essentially the unique way to achieve it.

(1) Let H be a Hilbert space, Âi, B̂j be ±1-valued observables with [Âi, B̂j] = 0, and ∣ψ⟩ a state.

(a) Warm-up: Show that Â2
i = B̂

2
j = 1 and Â†

i = Ai, B̂
†
j = Bj . (1 point)

(b) Starting from the CHSH observable

BCHSH ∶= Â0B̂0 + Â0B̂1 + Â1B̂0 − Â1B̂1,

use (a) to show that

2
√
21 − BCHSH =

1
√
2
[(
Â0 + Â1
√
2
− B̂0)

2

+ (
Â0 − Â1
√
2
− B̂1)

2

]. (2)

(4 points)

(c) Show that the operator on the right has non-negative expectation w.r.t. any state vector.
(It is positive semi-definite). Conclude Tsirelson’s bound ⟨ψ∣BCHSH∣ψ⟩ ≤ 2

√
2. (3 points)

We have an alternative proof of Tsirelson’s bound! The ansatz above is called a sum-of-squares
(SOS) decomposition. Now let’s collect conditions that are met if the bound is tight.

(d) Conclude from the above that if 2
√
2 is attained, then

1
√
2
(Â0 + Â1)∣ψ⟩ = B̂0∣ψ⟩, and

1
√
2
(Â0 − Â1)∣ψ⟩ = B̂1∣ψ⟩. (3)

(2 points)

(e) We will also need the following anti-commutator relations:

[Â0, Â1]+∣ψ⟩ = 0, and [B̂0, B̂1]+∣ψ⟩ = 0. (4)

Show that [B̂0, B̂1]+∣ψ⟩ = 0 (the other relation is derived analogously by switching the roles
of the Âi and B̂j in the SOS decomposition).

Hint: Show [Â0 + Â1, Â0 − Â1]+ = 0, then use (d). (3 points)
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(2) We will now show that if the model reaches 2
√
2, then there exists a subspace K ⊆ H and a

unitary U ∶ K → C2 ⊗ C2 such that U maps the model to the reference model (1). In quantum
information, this is known as a self-testing result, in the sense that the empirically observable
correlations uniquely specify (or “test for”) the quantum model up to unitary equivalence.

(f) Show that the four vectors ∣ψx,y⟩ ∶= Â
x
0Â

y
1 ∣ψ⟩ for x, y ∈ {0,1} span a subspace K that is

invariant under Âi, B̂j .

Hint: Use Eq. (3) and Eq. (4), as well as [Âi, B̂j] = 0. (4 points)

Thus, any model reaching 2
√
2 is realized on a Hilbert space of dimension ≤ 4. That’s quite the

reduction in complexity, because a priori, H could be infinite-dimensional.

(g) The {∣ψx,y⟩}x,y form an orthonormal basis. To see this, first show

⟨ψx,y ∣ψx′,y′⟩ = (−1)
(x+x′)y

⟨ψ∣Âx+x′

0 Ây+y′

1 ∣ψ⟩.

(2 point)

Now,

i. For x = x′ and y = y′ show that ⟨ψx,y ∣ψx′,y′⟩ = 1. (1 point)

ii. For x ≠ x′ and y ≠ y′ show that ⟨ψx,y ∣ψx′,y′⟩ = 0.
Hint: Invert Eqn. 3 to write Âi∣ψ⟩ in terms of the B̂j . (2 point)

You don’t need to show the other cases, which follow in the same way.

Because the reference model also reaches 2
√
2, the ∣ψ

(r)
x,y⟩ defined analogously are also ortho-

normal, and thus U ∶ ∣ψx,y⟩ ↦ ∣ψ
(r)
x,y⟩ defines a unitary K → C2 ⊗C2. In particular, U ∣ψ⟩ = ∣ψ(r)⟩.

(h) It remains to show that UÂiU
† = Â

(r)
i and UB̂jU

† = B̂
(r)
j . We only treat the case UÂ0U

† =

Â
(r)
0 , the others follow analogously. Two operators are the same if their matrix elements

w.r.t. a basis agree, so it suffices to show

⟨ψ(r)x,y ∣Â
(r)
0 ∣ψ

(r)
x′,y′⟩ = ⟨ψ

(r)
x,y ∣UÂ0U

†
∣ψ
(r)
x′,y′⟩. (5)

Plugging in the definition of U ,

⟨ψ(r)x,y ∣UÂ0U
†
∣ψ
(r)
x′,y′⟩ = ⟨ψx,y ∣Â0∣ψx′,y′⟩ (6)

Argue that, in any quantum model that achieves a CHSH value of 2
√
2:

⟨ψx,y ∣Â0∣ψx′,y′⟩ = δx,x′+1δy+y′ .

Since the same logic applies to the reference model, Eq. (5) equals Eq. (6). (3 points)


