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Sheet #2: FOUNDATIONS OF QUANTUM MECHANICS Due: 04:05.20, 13:00
Lecturer: David Gross. Exercises: Mariami Gachechiladze, Lukas Franken.
E-mail for submissions/questions: marigachi@gmail.com

Clifford algebras and their properties 5 points

In the video "CHSH violations” we discussed Clifford algebras and their properties. Here
we will prove these properties. Recall that matrices, v;, ¢ € 1,...n which satisfy the
condition in Eq. (1) are generators of a Clifford algebra:

YiY; + Y = 20451 . (1)

Now let 71, ...,7, be d x d matrices satisfying the condition in Eq. (1) and for @ € R let
us define an operator as follows:

v(@) = Zai%- (2)

Prove the following three properties:

(a) 1@ = [lalP -1 1 point
(b) Show that (@) has eigenvalues £||d|| with equal multiplicity. 2 points
(b) Tr [4(a@) - 7(b)] = d - (@,b). 2 points
Bell inequalities without inequalities 7 points

(a) In the spirit of the first lecture-set show that the following expressions, where all the
variables (classical) have the values +1 cannot be satisfied simultaneously: 2 points

X1 X2 X3 =1
—X1YoYs =1
—Y1 XoYs =1
~Y1Yo X5 =1.

Now consider a quantum state |¢) = %(|OOO> + |111)), where |000) = |0) ® [0) ® |0).
If you do not know what ® means, please, look up tensor product or ask in the exercise
class. In this exercise X;, Z; and Y; are operators (in the last one they were just numbers)
and correspond to Pauli matrices.

(b) Show that the state [¢) is the eigenstate of the following operators with the eigen-
value "+1”. Thus, prove the following equations: 1 point

X ® Xy ® X3o) =
11® Zy ® Zslp) = ¥
71 @19 ® Zs|) =
7y ® Zy @1 3)0) =



(c) The operators in the part (b) are generators of so-called stabiliser group. By mul-
tiplying some of them show that we can get the following equations: 1 point

—X1 @Y, ® Ys|yh) = )
-Y1 ® Xo @ YV3|¢) = [¢)
-1 @Yo ® Xs|¢) = [¢).

(d) Interpret the results of the parts (a) and (c). 2 point



