Overview

Website: gi.uni-koeln.de/teaching

Lecturer: David Gross
Exercises: Vahideh Eshaghian "

Course Description
The course will cover the properties of quantum mechanics that are fundamentally

different from any classical theory. This contrasts with the usual QM classes, where
the goal is to treat specific systems; and with Quantum Information Theory, where the
focus lies on ways to exploit quantum behavior for computation and communication.
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Invitation 1: Uncertainty relations

Heisenberg Uncertainty Principle
AxAp 2 fi  w:mcemine.
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Common quasi-classical story "Heisenberg microscope":

wPosition measurements done by scattering photons

wHigh resolution+ short wave length+ high momentum

wBut momentum will be transfered to electron, disturbing original momentum

IMO, this criminally undersells what's going on!

In this story:
wElectronhaswel-kd ef i ned posi tion

wéit's just the measur e me

But we'll see:
wThe mere assumption that both "position" and "momentum" of the electron are
well-defined will lead to contradictions to experimental data.

wThis is an empirical fact that does not require one to believe in (or understand)
guantum mechanics!
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https://byjus.com/chemistry/heisenberg-uncertainity-principle/

Invitation 2: No cloning

__LETTERS TO NATURE

A single quantum cannot be cloned on a0 incoming photon with polarization state |s )

High impact:

https://scholar.google.com/citations?
view op=view _citation&hl=de&user=RjQInTMAAAAJ&citation for view=RjQInTMAAAAJ:uSHHMVD uO8C

W. K. Wootters*

niversity of Texas at Austin,

Theoretcal Astrophysics 130-33, California Institute of Technology
Pasadena, California 91125, USA

Common story:
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Comments:

wProof uses quantum mechanics.
wln particular, linearity of time evolutions.

Correct, buté criminally

In this story:
wCould imagine future generations to discover more complete description of reality, which allows for cloning.

But we'll see:
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https://scholar.google.com/citations?view_op=view_citation&hl=de&user=RjQ9nTMAAAAJ&citation_for_view=RjQ9nTMAAAAJ:u5HHmVD_uO8C
https://scholar.google.com/citations?view_op=view_citation&hl=de&user=RjQ9nTMAAAAJ&citation_for_view=RjQ9nTMAAAAJ:u5HHmVD_uO8C

wThe mere assumption that states of particles can be cloned will lead to contradictions to experimental data.
wThis is an empirical fact that does not require one to believe in (or understand) quantum mechanics!
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Application: Device-independent quantum crypto

Way of thinking advocat e

ebut can someti mes |
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Preface: No QM!

Please:
Forget everything you have ever learned about quantum mechanics!

The topics in this chapter are more fundamental than QM.
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A thought experiment

Ever spent an unproductive evening wondering

"Does the moon exist when nobody's looking at it?"?

Goal here is to show that, under some natural assumptions it holds that

wPhysical properties do not exist indepedently of observations. (*)

To prepare the ground, I'll walk you through a thought experiment that showing
that empirical data can sometimes be used to prove (*).

Our first example is merely a thought experiment - as far as we know, it cannot be

realized in Nature. But we will soon encounter variants of it that can and have
been realized!

Storytime!

In the near future, a mission to the moon uncovers a perfect monolith!
It challenges our understanding of the universe.

You are dispatched to investigate it.

[2001: A Space Odyssey - The Monolith On The Moon]
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https://www.youtube.com/watch?v=oU4Rk0NATNs

On the backside, you discover three windows, arranged in an
equilateral triangle.

Once every ten seconds, faint lights appear in all three windows
simultaeneously.

To investigate, you get the night vision goggles out of the
landing vehicle.

It allows you to look at any pair of two lights
simultaneously (but, sadly, not at all three of them).

éto get as complete a picture as possible, you s

You keep track of your observations:

[ vw

N N

It appears that no two windows ever agree on a sign.

éafter 10000 observations, you're running | ow on
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On your way back it hits you! The existence of a machined artifact on an uninhabited celestical body challenges
our understanding of the universe. But the lights you just saw, challenge the foundations of logic itself!
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Analysis

Data:
Rum \S' Stlss

k Sl‘k\ S'“ Si“)

z

Recall: Goal is to show

wPhysical properties do not exist indepedently of observations. (*)

Aiming for a proof by contradiction, let's assume the opposite holds:

wPhysical properties do in fact exist independently of obserations. LN@ﬂ, )

So in our story, can assume:

wNature first decides on a full pattern of signs for every run, we then decide which pair to observe.

Claim: under this assumption, probability of observing our dataset is € p Tt é ™8

Proof:
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Some terminology:

wThe choice of a collection of properties to measure simultaeneously is called (measurement) context.
wData that is compatible with the Hypothesis (NC) are said to arise from a non-contextual hidden variable model.
(Quite a mouthfull)

wln contrast, the dataset of the thought experiment shows contextuality.
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Contextuality inequalities

An important tool to reason about such "no go" results are given by
correlation functions and contextuality inequalities.
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Remarks:

wAnN inequality that is valid for data that is compatible with a non-contextual hidden variable model is called a
contexuality inequality.

wThe contextuality inequality derived here can be generalized from three to U binary variables. [Homework]

wThe 0  o-version is not known to be violated in Nature. The O v-version, however can be violated. This
was only discovered in 2007! The quantum model that yields a violation goes by the mythic name of
Klyachko's pentagram. We'll look at this later.
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CHSH Inequality

First, we derive a contextuality inequality for two observers each of which can measure one of
two binary properties.
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Summary

At this point, we have seen that there are datasets that are incompatible
with the assumption that the act of "measuring” a physical property merely
uncovers a pre-existing value.

That this is possible is in itself pretty deep!
But there are two reasons why one could be disappointed with the result.

1. The data was made up (by me, no less).

2. While maybe surprising, it's not that hard to imagine that Nature
"observes the observer" and changes its behavior based on which set
of properties we are about to look at.

In the next lessons, we'll address these objections. We will encouter
contextuality inequalities that can actually be experimentally violated and
that are such that Nature has a much harder time cheating by adjusting
her behavior in reaction to our choices!

Spoiler: We'll achieve the latter by splitting the observations into two parts
that can be made in far separated places. We then show that one cannot
violate the relevant inequality unless the outcome of observer A depends
on the choices made by observer B. Such a process would be in tension
with the finiteness of the speed of light!
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Interlude: Causal inference

We will now show that Nature cannot produce violations of the CHSH inequality,
unless she adjusts the outcomes of one observer based on the choices made by
another.

In other words, CHSH violations are incompatible with the hypothesis that one
observer's choice cannot have an impact on the other observer's outcomes.

Physically, this is a good assumption of the two observerations are space-like
separated.

For now, though, we will ignore both CHSH and special relativity and discuss a bit
how one can reason about causation in classical statistics.

Traditionally, the discovery of causal realtionships was not seen as being within the remit of
statistics. (Unlike the description of correlations, which of course are)!

T USED T THINK, THEN I TOOK A | | SOUNDS LIKE THE
CORRELATION IMPUED| | STATISTICS CLass. | | CLASS HELPED.
CAUSATION. ) Now I DON'T; \ WELL, MAYEE.

ARisilE

[Mandatory, https://xked.com/552/]

One reason for this mindset might have been that for two random variables, the direction of causation
is not rigorously discernable from observed correlations alone.

Ex.:
[ 1: | de ()
Q/—\ B=a
B = np.random. randint(2)
A=B
Cem s —
€ = np.random, randint(2)
= ) AwC
~_ B=cC
@

o return (4, B)

If one has access to more than two random variables, some causal hypotheses become
empirically testable!

To see how that works, let's go through one example.
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https://xkcd.com/552/

A made-up study

Disclaimer:
I have made up all the data in this example with a random
ur r generator. This is not medical advice!

Storytime. umbers

wYou have observed that exposure to UV light is beneficial to people's
general health

wWe know that UV light helps the body synthesize vitamin D

wQuestion: Is the generation of vitamin D the only mechanism by
which the body benefits from UV, or are there other, as of yet
undiscovered pathways?

You enroll 500 participants in a medical trial.
wParticipants get randomly assigned into a treatment group and a control group
wTreatment is one hour of UV light per day (U=1);
control is one hour of light exposure, with UV filtered out (U=0)
wYou measure whether vitamin D levels increase (D=1) or not (D=0)
wYou record whether general health improves (H=1) or not (H=0)

Here's the data.

The goal is to distinguish between these two causal hypotheses:

0,

OO RRCET)
~_ 7

W= R, R
D= 4(U R
H=3(uD,R, )

}fm/b? ravnd onn .

o Ny
NG
T
D= flur)
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Causal hypotheses can be expressed
as directed graphs with one vertex per
variable.

They encode the hypothesis that each
variable is a deterministic function of its
parents in the graph and independent
randomness.

This can equivalently be expressed in
terms of structure equations.

Note that we do not make any
assumptions on the exact distribution of
the random numbers or on the functions
that furnish the dependency.

Because of this level of generality, it is
not clear that causal hypothesis have
observable corrolaries.

But they do!

Aonmrmess.


https://docs.google.com/spreadsheets/d/1106wSfjlqYyPmSsEprTKW96O91umiQEGL30YdzRzW4M/edit?usp=sharing

M= qd v,)

The observable consequence of the second model is that "if | already know that vitamin D

increased, then whether the person was exposed to UV light does not give me additional
information about their health".

Mathematically, this is made precise by saying that "UV and Health are conditionally
independent given Vit-D":

(\Q»{c o/(/(i

A B3

. AR
@3 PLAIRT] "R TR

Ushe () For oy vl oA uhde 20

Pl Heb [ Dok 4 tiewT - P Het [ D-d]

Let's check whether this assumption is compatible with the data!
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def generateData():
u dom, randint{2} Spo”er
ound{ .8*np. random.rand(} + .4 * U))
ound( . 7*np. random, rand(} + .4 * 0
return (U, D, H)

Here's the code that generated the data. You can see that H does
indeed depend directly on U.
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Local hidden variable models

Now return to the CHSH scenario. We want
Al |
o b
g1 = 7
7 /\
ébased on the foll owing
— (WL S
(ﬂf—ﬂr—&* wve/(> CL\J\.CIS D’é ]4\ £ O, (M/(,P rf‘é
Qa‘t\ OHW

_ CI_OL««/CJ(\/“ >
lop

Causal model:

Tm |
@ T

Equivalently: The hypotheis is that dat

a can be constructed in this way:

I

Al

l\> -~ =
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w®is the choice made by Alice, &the choice made by Bob. By the "free
will" assumption, they have parents.

wY describes the state of the box-in-the-middle. It is independent of the
choices made, again by the "free will assumption”. Note that ¥ is not
directly observed. This is sometimes indicated by drawing the node
differently, here using a square instead of a circle. One says that ¥ is a
hidden variable.

wA, Bare the results obtained by Alice and Bob respectively. By the
"locality assumption”, they depend only on data locally available to the

respective observer - here this means that they do not depend on the
choice of the other observer.



A = LA R

A causal hypothesis of this form is called a local hidden variable variable (LHV) model.



Fine's Theorem

We will now show Fine's Theorem, which says that data that comes from a LHV model is non-contextual.

Hence, if a dataset is incompatible with the CHSH inequality, it cannot have been generated by an LHV model.
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Terminology:
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wContextuality inequalities that are violated by LHV models are called Bell inequalties.
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Bertimann's Socks

ELAR N ELAR Ve ELABT- [EIAR ] <2

To violate the CHSH inequality, the outcomes of Alice and Bob must be correlated (positively for the first three
settings, negatively for the final one).

It is very common for popular expositions of the topic to imply that these correlations by themselves are surprising, or
constitute "spooky action at a distance". Often, the story goes like this:

wBefore the measurement, the values of & 5 are undetermined.
wNow assume Alice measures 0 . Say she gets p.

wThen, instantaneously, it has become more likely that Bob will obtain +1 if he chooses to measure 6 8
wBut how can this happen over long distances?? Spooky action at play!

We now face the unfortunate situation that

1. As an argument, the above story makes absolutely no sense.

2. The underlying claim - that something "spooky" is going on - is still correct! (But for different reasons!)

One can have a robust discussion about whether the story is a "legitimate simplification", required when talking to wider
audiences; or whether it so much obscures the main point that it does more harm than good.

Using the graphical notation for causal scenarios, it is easy to explain points 1. and 2.:

Two variables 6% that depend on a common cause (e.g.

A the variable ¥) can show strong correlations without any
"spooking” being involved.

For example, ¥ could be a uniform random choice of p
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LA \ "spooking" being involved.

‘/ \ For example, ¥ could be a uniform random choice of p
'ﬂ l % ‘ that gets broadcasted to Alice and Bob who will just reveal
the message. After observing 0, | will instanteneously
know the value of 6. So what?

In the literature on Bell inequalities, the fallacy of implying that correlations by themselves are somehow
surprising is associated with the term Bertlmann's socks. An amusing read.

Les chavssebios
de ll‘\. Bertlmann ﬂ b
€k Lo w
¢ la réatied imy
Foniahin Hrgot
v 7 e

Pk aat

) |

Of course, we did show that some correlations in the CHSH
v scenario cannot be explained by a common past and are
somehow "spooky" after all!!

It's just that to understand it, one has to follow an argument
involving four random variables and some high-school level
@ calculations. It seems that such an argument just so exceeds

<O
E

the complexity that is deemed appropriate for public
discourse.
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https://hal.archives-ouvertes.fr/jpa-00220688/document
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The rejection of local realism

Today, mainstream physics has accepted that the CHSH inequality is violated by
Nature.

Recall that this implies a negative statement: There is no way to the data arises from a
process described by the causal diagram that seems to capture the most general
sense in which the relevant variables can influence each other.

But what is a positive way to think about the existence of CHSH violations?

While there is no consensus, here are the three most common reactions:

1. Superdeterminism. 5
Accept that the choices @h of Alice and Bob are not independent of the
state of the common cause 7.

Associated with: Nobel laureate Gerard t'Hooft. See e.qg. here.

Criticism:

3 It is implausible how the variables could have been become correlated
in exactly the right way to reproduce the degree of violation that we see.

3 Does it not undermine the entire process of empirical science if we do
not assume that we are free to observe the universe independently of
what it is about to do. ("Maybe apples always fall upwards, except in the
rare instances that someone looks at them").

2. Action at a distance.
Accept that the choices of one observer instantly modify the state of other
observers, even if they are space-like separated.

Associated with: Bohm, who suggested a concrete model for such a
mechanism in non-relativistic quantum mechanics.

Criticism:

3 Hard to reconcile with the causal framework of special relativity, which
does not even give rise to an observer-independent ordering of space-
like sperated events. (So in some reference frames, Alice measures
first, and in some other frames, it's Bob. But "Alice's choice modified
Bob's state" seems to be an aboslute statement whose varacity should
not depend on a reference frame).

3 Requires "fine tuning" so that instanteneous influences are just big
enough to cause CHSH violations, but not big enough to allow one to
send messages at superluminal speeds.

3. The "orthodox" view
Reject that any reasoning that assigns definite values to unmeasured
quantities is meaningful. Thus, there is nothing to be explained.
Associated with; Bohr.
Criticism:

3 It's not really a positive way of thinking about CHSH violations at all, but
rather coming up with an excuse for not having to answer the question.
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https://arxiv.org/pdf/2005.06374.pdf

Elements of Reality

While your lecturer's tendency is to side with the "orthodox" view, there is one argument that he does find
troubling. It's due to Einstein-Podolsky-Rosen and often invoked by promonents of Bohmian thinking.

EPR consider a pair of properties 6f accessible to two distant parties, that are individually uniformly distributed,

perfectly correlated.

C 0~ su"a(n'.

o ;@@NQM>

EPR:

reasonable. If, without in auy way dinurbing a
system, we cam predict with cerlriniy (e, with
prrobability egual lo wnily) the selne of o phoesical
quantily, them there exisls an element of physical
realily correspording to this phyricel quantity, It

(OK, I gotta say, that's convincing!)
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Impossible Machines
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About this field
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Generalized probabilistic theories (GPTs) provide a framework for studying correlations that include classical probability theory,
guantum mechanics, but also in some sense the most general reasonable correlations one could imagine. In this framework,
one can ask whether there are any properties that "make quantum unique in the space of all theories".

GPTs have been studied in two waves. In the 1970s from a functional analysis point of view, and then again from the 2000s by
people working in quantum information theory. The second generation focuses on finite-dimensional realizations, which allow
one to study the relevant phenomena without having to worry too much about mathematical technicalities.

What's the state of GPTs as a field of research?

wSome researchers have very high ambitions - saying e.g. that our failure to come up with a quantum theory of gravity reflects
lack of imagination going beyond quantum mechanics. They study "post-quantum theories" in the hope of fixing that.
[Personal opinion: That's too optimistic. You will not invent quantum gravity by analyzing the behavior of low -dimensional
correlation functions].

wHave we found a set of "self-evident axioms that single out QM in the space of all theories?" (The "Peano axioms of
quantum" if you want). | guess not. Some people claim that we can come close. We'll look at that in some more detail.
[Personal opinion: | think that hope is too optimistic. There's too many degrees of freedom in claiming that some behaviors
are "reasonable" vs "unreasonable”. Also, we are too familiar with the goal (QM) to be able to make up our minds freely.]

wStill, there is a constant stream of GPT papers today. | feel that by thinking about "what could have been”, we do get a clearer
understanding of "what is". That's the spirit we should have in mind during this part of the lecture.
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Generalized Probabilistic Theories
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We will mostly restrict attention to the simplest non-trivial case (n,m,k)=(2,2,2). (l.e. two parties, two settings
and two outcomes, general enough to include the CHSH scenario).

Our goal is to classify all conceivable correlation functions of this form.

There are two type of constraints that arise:
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The terms "no signalling correlations" and "generalized probabilistic theories" are sometimes used interchangably.
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Recall some notational conventions of classical probability theory.

One distinguishes between a random variable (often in upper-case letters, like X) and the concrete values it may take (often in
matching lower-case letters, like y). Then all these expressions refer more or less to the same concept:

PFIX:K‘E (PV—LXE Pr[x] ?u)

Probability of the event that the r.v. X The probability The probability of seeing Same as the last expression,
takes on the value x. distribution of X, with the outcome x. One has but using less ink.
the value x left implicit. to guess which r.v. it

refers to. Often, but not
always, this is
unambiguous.
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Example 1: Non-contextual
correlations
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Recall that a dataset is non-contextual if it is compatible with the hypothesis that 1) definite values have been assigned to all
conceivable measurements and 2) a subset of measurements was then uncovered.

In the words of probability theory (rather than datasets), this means that there is a joint distribution for all properties, such that
that the observed probabilities arise as marginals. More precisely:
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In other words, we start with a joint distribution and then sum over all unobserved values. This process is called "marginalization",
the resulting distribution for a subset of random variables is called the "marginal.

Notes:

wThe analogous process in quantum mechanics is "taking the partial trace". Many quantum physicists, deeply familiar with their
chosen theory, but much acquainted with classical probability, tend to talk about "tracing out" classical random variables. Y ou
are better than this!

wNon-contextual correlation functions are also called classical.

Correlation functions arising this way are obviously non-negative and normalized. It is intuitive that they also follow the non-
signaling principle (the decision of which local variable to ignore does not influence the distributions on the other side!). Let's
verify this algebraically:
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We'll soon see that there is a simple geometric characterization of all non-contextual distributions. In fact, there are two
(which are, in a precise sense, dual to each other) and one of them is furnished by given a finite list of "all" Bell
inequalities. Doesn't make sense? Well, stay tuned!
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Example 2: Quantum Mechanics
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For the first time in this lecture, we are allowed to talk about quantum mechanics (but only because it is but one of many descriptions, all a priori
equally valid).

We'll recall the way correlations arise in undergraduate textbook QM (TBQM).
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A correlation function arises from TBQM if it can be expressed as
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It is very easy to check that this definition does indeed give rise to non-negative and normalized correlation functions. They are
also non-signalling:
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Comments:
wWe have used textbook quantum mechanics. Is this the most general way to definite quantum correlations? Let's see.

3 Maybe you have heard of mixed states described by density matrices generalizing pure states described by Hilbert space vectors.
One can restate the definition of quantum correlations using these more general objects. It turns out that the resulting set of
correlations are the same. This is a not obvious. Much later in this lecture, we will prove using dilations or purifications that this is
indeed the case.

3 Maybe you have heard of positive operator-valued measures (POVMs) that generalize projection operators and allow one to describe
more general measurements. One can restate the definition of quantum correlations using these more general objects. It turns out
that the resulting set of correlations are the same. This is a not obvious. Much later in this lecture, we will prove using dilations or
purifications that this is indeed the case.

3 Operators that act on different factors of a tensor product Hilbert space commute. The converse is not true: There are sets of
mutually commuting operators that cannot be modelled on a tensor product Hilbert space. This is not obvious at all! One can then ask
whether "local observers" in QM should be desribed by factors in a t.p. Hilbert space (as is done in TBQM) or by sets of mutually
commuting operators (this is done in algebraic quantum field theory) and whether the resulting sets of correlation functions are
different. This was an open problem (Tsirelson's problem) until 2017 (!), when it was shown that the two definitions lead to different
sets of correlations! The proof is incredibly difficult (in fact, | haven't yet even tried to understand it). We will see, however, that for our
test case of (n,m,k)=(2,2,2), this complication does not yet show up. It remains a (physical and conceptual, rather than mathematical)
open problem to
decide which of the two sets is the "physically relevant" one.

wBoth the set of classical and the set of quantum correlations involve an "existential quantifier" in their respective definitions. Such
definitions are dangerous, because one can easily create a situation where one is quantifying over infinitely many possibilities and
therefore there is no obvious algorithm that can decide whether a given correlation function actually belongs to these sets. We will see
that in the classical case, this worry is unfounded: There is a finite algorithm that can decide whether a set of correlation is classical
(though if the number of parties, n, is large, the problem is NP hard and therefore undecidable in practice, if not in principle). For the
guantum case, things are much more murky. As far as | know, there is no known algorithm for the membership problem of TBQM
correlations -- but also no proof that such an algorithm cannot exist. For the "commuting operator model”, things are a little bit better.
There is a one-sided algorithm, i.e. a hierarchy of finite algorithms labeled by natural numbers | such that for any incompatible
correlation function, there is a finite | so that the algorithm at level | will certify incompatiblity. To the best of my knowledge, there is no
finite algorithm that identifies every compatibl e di m,tk(tholglrr=2
is enough). Again, we'll see that the (n,m,k)=(2,2,2)-case is well-characterized.
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Example 3: PR-boxes
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